Introduction
The medial axis transform (MAT) has potential as an alternative representation for certain design and modeling problems. To exploit this potential, however, it is essential that the boundary of the object which an MAT represents be easily determined. For two-dimensional objects, the MAT consists of curves in three-space. Given a valid MAT, that is, a set of curves which comprise the MAT of a valid boundary as de ned below, the boundary points related to any particular point on the MAT can be found, based solely on the MAT point and the tangent(s) to the MAT at the point. In this work, we demonstrate the relationship between the MAT tangent and the boundary points which forms the basis of this conversion. We also show a smoothness property of the MAT, and detail the requirements for a graph in threespace to be a valid MAT. We provide an error bound which shows how errors in a computed MAT relate to errors in the generated boundary. Finally we discuss our implementation of the conversion algorithm and show some examples.
Medial Axis Transform
The traditional de nition of the MAT comes from Blum, who introduced the medial axis (MA) of an object as the closure of the centers of all maximal inscribed discs, that is, discs which are completely contained inside an object and which are contained in no other such disc. The disc related to an MA point may touch the boundary any number of times, and this number is used to classify the MA points into end points which have one touching, normal points which have two touchings, and branch points which have three or more. Note that a touching can be either point contact of the disc and the boundary, or can be a nite length arc ( nite contact). For twodimensional objects, the medial axis transform (MAT) is the set of space curves consisting of points (x; y; r) where (x; y) is an MA point specifying the location of the center of a maximal inscribed disc and r is the disc's radius.
An equivalent de nition which yields insight into certain geometric properties is based on cyclographic maps. Starting with an oriented curve C in the xy-plane, a ruled surface is formed from generators which are the curve normals rotated so that they make a 45 angle with the xy-plane, increasing towards the interior of C. Because of the angle between the generators and the xy-plane, the absolute value of the z-coordinate of each point (x; y; z) on this surface gives the distance from (x; y) to C. Thus if two or more generators intersect at the point (x; y; z), (x; y) must be an MA point of C, and jzj the radius of the maximal inscribed disc. The MAT is thus the closure of such points. This de nition makes it possible to show the following smoothness property of the MAT of simple objects, where a simple object is an object O which has a path-connected interior with nite area, and which is bounded by a nite number of loops, each of which is a simply connected closed curve with continuous tangent and curvature at all but a nite number of points. At points where the tangent or curvature does not exist, one-sided tangents and curvatures must exist from each direction of approach along the boundary.
Theorem 1 The MAT of a simple object has a continuous tangent everywhere except at end points, branch points, and normal points of nite contact. At the exceptional points, a one-sided tangent exists from each approach to the point along the MAT.
This theorem implies that any point at which the MAT has a continuous tangent has exactly two related boundary points. This property, along with the fact that the MAT of a simple object O is a connected graph with the same homotopy type as O, allows us to nd the related boundary points for any MAT of a simple object O.
Conversion
Let p = (x; y; r) be a point on the MAT M of a simple object O and let p be its projection to the MA S. Let T M be the tangent to M at p, and T S the tangent to S at p. The conversion process is based on two fundamental relationships between T M and the related boundary points. First, if p has a continuous tangent T M , then T S bisects the normals to the boundary. Furthermore, T M , T S , and the two boundary tangents are coincident. This gives the relationship = arccos r=l for the angle between T S and either boundary normal, where l is the distance between p and the point of coincidence of the four tangents. Thus for normal points with no nite contact, the related boundary points can be found by translating distance r along the line emanating from p at angle to T S .
For normal points of nite contact, a tangent discontinuity must occur at p. Based on the smoothness property above, the two one-sided tangents at p can be used to nd four related boundary points, which then are connected pairwise along circular arcs on the disc which do not intersect the medial axis. An end point's related boundary points can be found using the one-sided tangent at the point, and branch points can be treated as multiple normal points. Thus the boundary related to any type of MAT point can be found based on the tangent at the point.
Local Validity of the MAT
An MAT is only valid if it has a related boundary which is a simple object. We impose two restrictions on the MAT which are necessary for it to be locally valid. Firstly, at points with a unique tangent, the tangent must be such that the angle between T M and the xy-plane is less than =4. This restriction is necessary because tan = cos = r l .
At points of the MAT where there are only onesided tangents, each tangent must satisfy the same requirement. Such points are either end points, branch points, or places where the maximal inscribed disc has nite contact with the boundary. The related boundary points are found by computing the boundary points using each tangent independently, and then connecting them by a circular arc if multiple points are found on any one side of the MA. This process is only valid, however, if in a radial sort of the boundary points and the tangents about the MA point, the boundary points generated from a particular tangent are immediately adjacent to the tangent from which they were derived. If this property does not hold, then a self-intersection occurs in the boundary.
An Error Bound
Suppose one is given a boundary B which has MAT M. If a computational method is used to generate M, the result is actually some perturbed MATM. For a point p on M, the conversion computation will produce the exact related boundary points b 1 and b 2 on B. However, if instead a pointp onM is used, the computed boundary points will contain error propogated from the error in the medial axis computation and pointsb 1 and b 2 will be obtained instead.
The error can be divided into linear and radial components. The linear component stems from the distance between the actual point p and the computed pointp. The radial component arises from the di erence in the directions of the radial lines emanating from the MA point. Di ering tangents at p andp give rise to differing angles of rotation and~ , as well as di erent base lines from which to measure the angles. The radial component of error is also a ected by the relative difference in r andr. If we let R = max(r;r) and be the angle between T andT, the tangents in the xy-plane, and suppose that jjp ?pjj < " 1 , + j~ ? j < " 2 , and jr?rj R < " 3 , then jjb 1 ?b 1 jj < " 1 + R q 2(1 ? cos " 2 ) + " 3 2 is a bound on the error. Note that the entire expression approaches zero if and only if all three components of the error approach zero independently.
